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ABSTRACT. A new criterion is established for an abelian group to be
free. The criterion is in terms of an ascending chain of free subgroups and
is dependent upon a new class of torsion-free groups. The result leads to
the construction, for each positive integer n, of a group G, of cardinality
R thatis not free but is Rn-free. A conjecture in infinitary logic concerne
ing free abelian groups is also verified,

1. Introduction. Recall that for any uncountable cardinal number X , an
abelian group is called R -free if each subgroup of cardinality less that X_ is
free, Problem 10 in [3] asks for a determination of those ordinals a such that
there exist R -free abelian groups that are not X a*l-free. Shortening “‘abelian
group’’ to *‘group’’, we remark that examples are in abundance of X, -free groups
that are not X, -free. Indeed, such examples exist within a countable product of
integers. Recently, the author has constructed groups in [5] that are X, free but
not R,-free. In this connection, P. Griffith [4] has just shown the existence, for
each positive integer n, of a group G, that is R free but not free. However,
there is one aspect of Griffith’s construction that leaves room for some improve-
ment. The construction does not determine the minimal cardinality of G, but
exhibits only an upper bound that tends to be relatively large. It would be more
useful, for most purposes, if it were known that G, could be chosen to have
cardinality X , which is the lower bound. In this paper, we are able to construct
such a group G_. Thus we provide a partial answer to Problem 10 in [3]. Our
construction is based on a strong uniqueness theorem established herein, and it
also yields the proof of a conjecture made in [6].

2. The main theorem. By a smooth chain of groups, we shall mean an ascend-
ing chain
GyCG,C-+-CG,C-++y a<p,

indexed by an ordinal p, with the property that G B= Ua . ,BG o Whenever B is a
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limit ordinal less than p. Let w, denote the first ordinal having cardinality X .
For each nonnegative integer n, a class ?" of torsion-free groups is defined as
follows. The class ?0 consists of all countable torsion-free groups. Inductively,
we define ?n to be the class of torsion-free groups G of cardinality not exceeding
X, that can be represented as the union of a smooth chain G 068G, C*-CG.C
*++, a<p, of free groups G, where p< o and Gyl /Gae ?ﬂ_l.

We begin with an elementary but useful result.

Theorem 1. Let H be a subgroup of G. If G € ff", then H € ff".

Proof. The proof is by induction on n, and the theorem is trivial if #» = 0,
Let G be the union of the smooth chain Gy C G, C++-C G, C -, a<y, of free
groups G,, where p< o, and Ga.+1/Ga€ ff"_l. For each a< y, define H =
H NG . Obviously, H, is free and H is the union of the smooth chain

HyCH,C---CH,C---, a<y,

of free groups. Since Ha.;l/Ha. =H a+l/Ha.,,l N G, and the latter is isomorphic to
a subgroup of Ga.+l/Ga.’ we conclude by the induction hypothesis that Ha.,.l/H 2 €
¥, 1+ Hence He ff".

Although we are not prepared by any means for its proof, we shall now state

the main theorem.

Main Theorem. If G € ?n, then G is X_-free for every positive integer n..

In order to prove our main theorem, the following results are needed.

Lemma. If G € 3"" for a positive integer n, then G can be represented as the
union of a smooth chain Gy C G, C*++C G, C+++, a<w, of [ree groups G
such that |G| < X, _,and G,B/Ga. € 3‘."__1 ifa<B<ow.

Proposition. Lez A>— G -» B be a short exact sequence. If A and B are in
FothenGed .

Corollary. If G,C G, C**+CG,C**, a<y, is @ smooth chain of groups

G, € ?" with Ga+1/Ga € ?n and |p| < X, then G=J G, belongs to T".

a<p

For a fixed nonnegative integer n, the symbols T(n), L(n), P(n)and C(n)
will denote, respectively, main theorem, lemma, proposition and corollary restricted
to the given integer n. Therefore, for example, the symbol

P(n-1) + L(n) = P(n)

means that if the proposition is true for n — 1 and the lemma is true for n, then
the proposition must be true for n. As might be expected, there are a number of
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implications among the results that we have stated above and now have the burden
of proving. The next four sections are devoted to verifying some of the most im-
portant of these implications. Fortunately, the implications culminate in the
proof of the main theorem.
3., Pn-1)+ L(n) = P(n). Let A>—> G - B be exact where A and B are in
¥ ae By L(n), A can be represented as the union of a smooth chain
AgCAC---CACeery  a<a,

of free groups A such that [A | < ® | and AB/A o € ?n-l ifa<B<w,. Like-

wise, B has a similar representation as the union of
ByCB,C---CB,C-+, a<aw,.

It should be evident that G is the union of a smooth chain
GyCG C - CGC+y a<a,

of subgroups G, such that the following conditions are satisfied.

¢V |Ga| SR g
(2) For each a < ©, AN G,= Ax(a) for some ordinal A(a)< ©,.

(3) For each a < w_, (4, G,)A = B, for some ordinal p@)< @ .

From the exactness of the sequence G, N A >—G, -»(Ga, A)/A, we observe
that G, is free since conditions (1)-(3) imply that G a is the extension of a free
group by a free group. In order to show that G € 3"", it suffices to prove that
Gan/Ga € ff"-l for each a. From the exact sequence

(Ga+l N4, Ga)/GaHGa.ﬂ/Ga —» Ga.+l/(Ga.+l N 4, G,)

and the isomorphisms
Ga_+l/(Ga4‘l n A7 Ga,)g((A, Ga+l)/A)/(<A! Ga)/A)

(Gay1 N4, GYGXG,, NA/G,NA4,
we obtain the exact sequence

Ax(a+l)/Ax(a) >"Ga+l/Ga. _"B,u.(a..,l)/Bp(a.)'
Since A, (,.1)/A\2nd B  (as1)/B ey 2r¢ contained in ?n-l’ the induction hy-
pothesis P(n - 1) implies that G a.+l’/Ga € 3""_1 and that G € 3"". This completes
the proof of the implication P(n - 1) + L(n) = P(n).

4. T(n)+ Pn-1)+ C(n-1) = Ln). Let G ¢ 3"". ¥ G is free, the conclu-

sion of L(n) is trivial. Thus we may assume, in view of T(n), that |G| = X .

Since G € ff", we know that G has a representation as the union of a smooth chain
GyC G, C+*CG,C e+, a<y,of free groups G,, where p< w, and Ga.+l/Ga €
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¥, foreacha. If u<w,, the restriction 1G,,1/G,] < X, _, implies that
|G/Gyl < X, _,+ Since G is free, this implies that G = F + H where F is a sum-
mand of G, and H has cardinality at most X _,. But T(n) implies that H is free
and, consequently, G is free, Thus without loss of generality we assume that
b=w,.

For each ordinal a < w_, write G, = Ei el a)(xi); this is possible since G,
is free. Now, we carefully choose a smooth chain HyC H  CescC H,C e,
A< , of subgroups H, of G satisfying the following conditions.

M |Hl <R, -

(@) H,C Gy,

() Hy= zie](x)(xi> if A is isolated, where J(A) is a subset of I(A).

(4) Foreach A<, Hy\NG, = zie](a.x)<xi) if & <A, where J(a,A) is a
subset of I(a).

(5) Foreach A< @, G

©6) G=U,., H
n
Condition (1) implies that H, is free. In order to establish L(r), we need to prove
that H,B/Ha. €¥,_, whenever a < 8< w,. First, we show that H)H.I/HA ef,_,

as1 C Gos Hy) if 0 <A,

fA<ow e Observe that G)‘/H;‘ is free by condition (3) if A is isolated. Moreover,
if A is a limit, then Gy=J, (G, Hy) since the chain of subgroups G, is
smooth and since Hy C G, However, (G,, H) =(G o H\)if @ <A by condition
(5). Thus

G,/Hy = (G H\Y/H\= G /Gy N Hy
is free by condition (3). We conclude that Gy/H) is free for all A < W, and
therefore (H, ; NG AVH), belongs to .‘fn_l since it is free and has cardinality
not exceeding R In view of P(n - 1), H)u,l/Hx € ?n_l if HMI/(HMl N G,)

belongs to ?n_l. However, the equalities
Hy1/Hy,1 0 G EHy 12 GGy = G, /Gy

show that HX+1/(HA+1 N G))is in ffn-l‘ Since HA/HMI N G)€ ffn_l, we
observe that simple applications of P(n ~ 1) and C(n - 1) show that H,B/ H o€ 3""_
if a < 8< w, by induction on .

1

Se T(r)+ P(n=1)+ P(n) + L(n) + C(n - 1) = C(n). Let G be the union of the
smooth chain
GyCG,;C++-CGyCeer, ac<y,

of groups G, € ffn, where |u| < L3 and Ga+l/Go. € ff" for each @ < p. Our purpose
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is to prove that G is in F . If G is free, then G € F since the cardinality of G
does not exceed X . In particular, if |G| < X, _,,then G € ffn as a consequence
of T(n). Thus we shall assume that |G| = X . The next point is that there is no
loss of generality in assuming that p< w  for the following reason. If C(n) is
false and if p is chosen as small as possible so that G ¢ ffn, then P(n) and the
choice of p imply that the conditions on the chain of groups G are retained by
any smooth cofinal subchain. Since y must be cofinal with w, for some i <, it
suffices to consider the case p< o . Therefore, we assume p< @ and distin-
guish the case p< @ from the case that = o . However, a few more prelimi-
naries are required yet.

For each A < p, Lemma L(n) gives a representation of G, as the union of a
smooth chain

GWcGMNC...c6GMNC--+, a<a,

of free groups G,(A) such that |Ga(A)| <SR, and Gﬁ(A)/Ga(A) € ffn_l ifa <
B< ©, Likewise, G MI/GX has a representation as the union of a smooth chain

GhcGlc...cgrc..., a<®,

of free groups GAsuch that |GA| < X _, and G};/Gé € 3‘-"_’ ifa<B<a,.

Case 1: p=w,. For this case, the proof that G € 3"" is similar to a portion
of the proof of the implication T(n)+ P(n - 1)+ C(n - 1) = L(n), but the freeness
of G) has to be replaced here by the representation of G as the union of its free

subgroups G, (A). We select a smooth chain
HoEHIS"'EH,‘E"" A(wn,

of subgroups H) of G satisfying the following conditions.

@ |H\l<x,_,.

(2) Hy C G).

(3) i A is isolated, Hy = G,() for some 7.

(4) For each A< w,» Hy NG, = Gr(a) for some 7 if a < A.

(5) For each A< w_, (Hy, NG, ,, G,Y/G, = G; for some r if a <A,

(6) G = Ux«""Hx.
It is not important (nor intended) that 7 be the same in conditions (3)—(5), but it
can be so selected if desired. It should be understood, of course, that 7 depends
on the choice of A. Conditions (1) and (2), together with T(z), imply that H, is
free. Thus we wish to prove that HA+1/H>« € ff"_l in order to verify that G € ff".

asl?

According to P(n - 1), it suffices to prove that (Hy, N G))/Hy\€ ?"_l because
we have the exact sequence
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(Hy,1 0 G)/H\>— K, \/H, —H,,/(H, , 0 G)),

and HMI/(HM.I nG,) =<Hx+l’ G )/G), obviously belongs to ?”_l since it has

cardinality at most X _, and, therefore, is isomorphic to a free subgroup of
Gx+l/Gk by T(n). In order to verify that (th N GA)/HA is in .‘f"-l, we first
consider the case that A is isolated. In this case, (Hypa N G\)/H)= G,M)/G, Q)
for appropriate oand 7 > 0. Thus (H, ; N G\)/Hy € §,_,+ Now suppose that A
is a limit ordinal. In this case, (H,,; NG A)/H,, is the union of the smooth chain

(Hy,10 Gy Hy)/HyC o oo C(Hy , N Gy Hy)/Hy Coeey @<
Observe that
(Hy 10 Go HY)Y/H, = (Hy ,, 0 Go)/(Hy N G,) = Ga)/G (o)

belongs to ff" Furthermore,

-1°

(Hyy1 0 Goypp BYHy 1 0 Gop H)(Hy 1 N Goypr Ga¥Hy NGaypr Gad
so

(Hy,q NGg,qp H\/H)/CHy 1 0 Ggy Hy)/HY) = Gr/Gg

is in ?n_l. We conclude that (H)\+l N G))/H, belongs to 3""_1 by C(n - 1).
This completes the proof for the case p = @, but we still have to deal with the
alternative,

Case 2: p< ©, Again, we can choose a smooth chain

HyCH C-+CHyCee+y A<a,

of subgroups H) of G satisfying the following conditions.
@ |H)«| < “,,-1'
(4') For each A < w, and a <y, HyNG, = G,(a) for some 7.
(5') For each A < o, and a < p, (Hy, NG Ga>/Ga = G:' for some 7.
(6) G =Ux<won'

In order to prove that G € ffn, we need to prove that H, is free and that H

asl?

N +1/”x €

¥ nye Although Theorem T(n) does not apply directly in the present case to

yield the freeness of Hy, we observe that H) is the union of the smooth chain
HxﬁGoS’IAnGlg"’gHAnGag"‘, a<‘l.,

of free groups. Moreover, (Hy NG asl )/(HA NG a) is isomorphic to a subgroup of
Ga+l/Ga.’ and therefore is free by T(n). Thus H, is free. In order to show that

HM.I/HA € ?n-l’ we represent HHI/H,‘ as the union of the smooth chain

(Hx*_lnGo, Hx)/ng"'g<HA+lnGa9 Hx)/HAS"‘, a-<ll..
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Since (H a1 N Gos Hy )Y/Hy & G,(@)/G(2) belongs to ?n-l and since |p| < X,
it suffices by C(n - 1) to prove that
(HMI N Gg,yp Hx)/(th NGy Hy)

is in 3"" ;+ As in the preceding case, the latter is isomorphic to G:/G;. Thus
the proof is complete.

6. T(n)+ L(n) + P(n)+ C(n) =>T(n +1). Let Ge€ ?,,u and let H be a sub-
group of G of cardinality not exceeding X . Since G € g:rul’ G is the union of a

smooth chain
GpCG,C-+-CG,C 5, a<y,

of free groups G, wWhere Ga...l/Ga. € .‘f" and p< ©, 1+ FHC G, we are finished.
Assume not. Since
HNGyCHNG,C---CHNGLC -

ascends to H, upon eliminating redundancies, we see that H is the union of a
smooth chain
HyCH,C-++CH,C--+, a<A

of free groups H , where Ha.+l/Ha € ff" and |A| < X . By Corollary C(n), H € ffn.
¥ |H| < R__,sthen H is free by T(n). Thus we may assume that |H| = X .
Furthermore, since A is cofinal with an ordinal not exceeding @, by P(n)and
C(n) there is no loss of generality in assuming that A < @ . As before, we need
to distinguish the case A = @ _ from the case where |A| < X _,. The basic
design will fit closely that fashioned in preceding proofs. For each y< A, Lemma
L(n) yields a representation of H'y+l/H'y as the union of a smooth chain H'g c
HY C+++CH)Y C+++, a<w_, of free groups HY such that |HY|< X,_, and

Hz /H) €F__,ifa <B<aw,. Inthe present situation, H,, not only has such a

representation but in fact is free. Thus write H, = b y{¥;)+ We choose a

iel(y
smooth chain
FoCF C-++CF,C-ery a<a,

of subgroups F_ of H so that the following conditions are satisfied.

Casel: A=,

M |Flsx .

(2) F,CH_,_

(3) K a is isolated, F ™ zi eJ (a)(xi) where J(a) is a subset of I(@).

(4) Foreach a<w,, F, NH, = p

J@y, @) is a subset of I(y).
(5) Foreach a < w,, (Fa N H,y+1,
© H=U,., F,
n

ie](7,0) (xi) whenever y < a, where

=y i
H,)/H,, = H) for some r if a >y.
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Case 2: A< w,. In this case, we retain conditions (1) and (6), eliminate

conditions (2) and (3), and strengthen conditions (4) and (5) as follows.
[ .

(4") For each a < @, and eachy <A, F N H,y = zie]('y.a)(xi> with
J&, @) C Iy).

(5') For each a < ©, and each y <A, (Fa N le, H,y)/Hy = H;y for some r.

Obviously F, is free according to T(n) since H € ffn. The verification that
F, +1/F 2 is free will show that H is free in view of condition (G), and the proof
will be complete. Moreover, it is enough to show that F, ,/F, eF  since we
can apply T(n). In Case 1, we have the exact sequence

(Fapy NHY/Fo>—Fo (/Fa—(Fo, n HoY He
Since F_C H and since H a.+l/Ha. € 3:", we observe that it suffices to prove that
(Fy 0 H)/F € 3"" because we can apply P(n). If a is isolated, this is
trivial because H U/F @ is free according to condition (3). Thus assume that a is
a limit, and represent (F a1 N Ha)/Fa as the union of the smooth chain
(Foyy OHp Fo)/FgC oo C(Fq  OH ,Fo)YFaCores  7<0,

of free groups '

(Foyy NH, Fo)/Fo = (F oy nH)/Fy0H,) = > (x).

i€J(y ,2+1)=-J(7,a)

The isomorphisms

(Fa.+1 nHy+1’ Fa)/(Fa,‘_l n H‘y’ Fa)

®(Fo,) NHypp H))AFoNH, s Ho )= HY/H]

reveal that (F, anH a)/Fa and, therefore, F a+l/F o belong to ?n since
Y/iyY H
H,/Ho € 5""_1 and since a < ©,.
¥ A< w,, we represent F a+l/F o @s the union of the smooth chain

(Fopy NHp Fo)FoCoesCAF o A Hy, FYF,Ceeey  y<A

of free groups (F ap1 N H,y, F a)/F o+ All that is required now is to prove that
(Fao NHy yy FY(Fy N H, Fo)isin, . However, the proof of this is
similar to what has gone before, and we suppress further details.

7. The general proofs. In the previous sections we have established the fol-
lowing implications

P(n - 1) + L(n) = P(n),

T(n)+ Pn=1)+ C(n-1) = L(n),

T()+ P(n-=1)+ P(n) + L(n) + C(n - 1) = C(n),

T(®)+ L(n)+ P(n)+ C(n) = T(n + 1)
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for each positive integer n. Since 3"0 is the class of all countable torsion-free
groups, both the proposition and the corollary are trivially true for n = 0. More-
over, the validity of the theorem for n =1 follows immediately from Pontryagin’s
theorem. Thus we start with P(0), C(0) and T(1). Inductively, everything now
follows from the preceding implications. Therefore, the lemma, proposition,
corollary, and main theorem are proved in general,

Referring to the groups belonging to the class F n 38 :n-ftee groups, we
have proved the following for every positive integer n.

(1) A subgroup of a 2 -free group is 3 -free.

(2) An extension of a 2 -free group by an 3, free group is 2 ree.

(3) Any 3 -free group is X -free.
Except for the distinction as main theorem which we have given it, the result
that :n-free groups are X -free appears unpretentious. Nonetheless it contains,
in essence, the following uniqueness theorem, which is of considerable interest
and generalizes results in [5] and [6].

Theorem 2. If G is the union of a smooth chain G C G, C+++C G, C oo
of length not exceeding R, (n<w) of free groups G, then G is free provided
that Ga.+l/Ga is 3 -free for each a..

Proof. Observe that |G/G | < R . Since G is free, we can write G =
Hy+ A, where H is a direct summand of G, and |4] < X . By hypothesis, G
is :n+l-free. Thus G is le-free, and A is free. Therefore, G is free since
both H, and A are free.

8. The existence theorem. In this section, the uniqueness theorem is utilized
heavily in establishing an existence theorem for nonfree groups that are 3, -free.

Theorem 3. For every nonnegative integer n, there exist 2, -free groups that
are not free.

Proof. The proof is by induction on 7, and the proof is trivial for n = 0 since
all countable torsion-free groups are 2 -free. Suppose that # > 0 and that the
theorem is valid for all nonnegative integers less than or equal to n. Assume
that for an ordinal p of cardinality at most X , we have developed a smooth chain
GyCG CeCG Ceee, a<p,of free groups G, of cardinality R so that
G a+l/G o is @ nonfree :n-free group whenever a + 1 < p. If pis isolated we
sothat G, . > G —»H is

1 M1 M K
exact, where H u is any 3 -free group that is not free; the existence of a group

choose G uto be any free group containing G p-

meeting the requirements of H 4 is guaranteed by the induction hypothesis. Since
H 'u must have cardinality X, there is a free group G P of cardinality L3 with an
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epimorphism G, » H . Obviously, the kernel of this epimorphism must have
cardinality X , for otherwise Hﬂ could not be X _-free without being free. There-
fore, the kernel can be identified with G, _,, and we have the desired exact se-
w1>=G, > H I p is a limit, we define G,= Ua<#Ga. Then
|G#| = X_since lul < X_and since |G | = R _for each & < p. In this case, G,

quence G

is free by Theorem 2.
We have verified the existence of a smooth chain

GyCGyC-++CGyCrrny a<w

n+l?

of free groups G, of cardinality X such that G a+l/Ga. is 3 -free but not free for

each a < @10 Let G={J +IG°'. Clearly, G is :Ml-free. However, G is

a< w
not free for the following simple"reason. If G were free, then G Would have to
be a direct summand of G for some a (by a simple application of the back-and-
forth procedure used implicitly throughout this paper). Since G a.+l/Ga is not free,
there is no way that G, can be a direct summand of G for any a. Hence we con-

clude that G is not free, and the theorem is proved.

Corollary 1. For each positive integer n, there exists a group of cardinality
R, that is not free but is R -free.

9. The proof of a conjecture in infinitary logic. The following conjecture
was made in [6].

Conjecture. If k= R , for any positive integer n, the class of free groups is
not definable in L .

For a discussion of the language L, we refer to [11and [2]. However, all
that is needed for our purpose is the following result from [1]. A group G is equi-
valentin L toa free group if and only if G has the property that every sub-
group H generated by fewer than k elements is contained in a free subgroup F of
G that splits out of (F, A) whenever A is a subgroup of G generated by fewer
than « elements.

Proof of conjecture. Let G be a nonfree group that is :Ml-free. Since G is
::Ml-free, G is the union of a smooth chain Gog Gl CeeeC Gag e, a<k@
of free groups G, such that G 4,1/6 o 1S :"-free. Let H be any subgroup of G
having cardinality not exceeding X, _,. Then HC G, for some a. Moreover, if
G,CKCGandif |[K/G,|< R, _,,then KC G g for some B. We know that GB/Ga
is 2 -free by the proposition and corollary. Thus G’B/G o 1S R free, which im-
plies that K/G, is free. Hence G splits out of K. This completes the proof of

n4+l?

the conjecture,
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