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NEW CRITERIA FOR FREENESS IN ABELIAN GROUPS. H(i)

BY

PAUL HILL

ABSTRACT.   A new criterion is established for an abelian group to be

free.   The criterion is in terms of an ascending chain of free subgroups and

is dependent upon a new class of torsion-free groups.   The result leads to

the construction, for each positive integer n, of a group G   of cardinality

K   that is not free but is X -free.   A conjecture in infinitary logic concern-
71 n

ing free abelian groups is also verified.

1. Introduction. Recall that for any uncountable cardinal number Xa, an

abelian group is called X -free if each subgroup of cardinality less that Xa is

free.   Problem 10 in [}] asks for a determination of those ordinals a such that

there exist X -free abelian groups that are not X    .-free.  Shortening "abelian

group" to "group", we remark that examples are in abundance of X.-free groups

that are not X2-free.   Indeed, such examples exist within a countable product of

integers.  Recently, the author has constructed groups in [5] that are X2-free but

not X,-free.   In this connection, P. Griffith [4] has just shown the existence, for

each positive integer 72, of a group G   that is X -free but not free.   However,

there is one aspect of Griffith's construction that leaves room for some improve-

ment.   The construction does not determine the minimal cardinality of G , but

exhibits only an upper bound that tends to be relatively large.   It would be more

useful, for most purposes, if it were known that G    could be chosen to have

cardinality X , which is the lower bound.  In this paper, we are able to construct

such a group G .  Thus we provide a partial answer to Problem 10 in [3].  Our

construction is based on a strong uniqueness theorem established herein, and it

also yields the proof of a conjecture made in [6],

2. The main theorem.  By a smooth chain of groups, we shall mean an ascend-

ing chain

G0£Gií •••ÇGo,Ç ••••     a<ll>

indexed by an ordinal /z, with the property that C.= \Ja<aG   whenever ß is a
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limit ordinal less than it.   Let co    denote the first ordinal having cardinality 8 .

For each nonnegative integer n, a class S   of torsion-free groups is defined as

follows.   The class SQ consists of all countable torsion-free groups.   Inductively,

we define S   to be the class of torsion-free groups G of cardinality not exceeding
ft

K    that can be represented as the union of a smooth chain GQ C G   C • • • C G  C

• • •, a < ¡i, of free groups Ga, where ft < con and G    j ^a€ ^„-1"

We begin with an elementary but useful result.

Theorem 1. Let H be a subgroup of G.  If G eS , then H eS .

Proof. The proof is by induction on n, and the theorem is trivial if n = 0.

Let G be the union of the smooth chain GQ Ç Gj Ç •••Ç GaÇ • • •, a, < ft, of free

groups Ga, where p. < &>   and G    j/Ga e 3"     j.  For each a< /x, define Ha =

H O G„.   Obviously, H   is free and H is the union of the smooth chain

H0ÇrllÇ'..ÇHaÇ...,      a<(i,

of free groups.  Since rj     ,/H   = //    ,///    , fl G   and the latter is isomorphic to

a subgroup of G    j/G , we conclude by the induction hypothesis that H    ¿H   €

S     ,.  Hence He S .
72-1 n

Although we are not prepared by any means for its proof, we shall now state

the main theorem.

Main Theorem.  If G eS , then G is K -free for every positive integer ».

In order to prove our main theorem, the following results are needed.

Lemma.  If G e S    for a positive integer n, then G can be represented as the

union of a smooth chain GQ Ç G, C • • • Ç Ga C • • •, a < a , of free groups Ga

such that \Ga\ < XB_j and Gß/Ga £^„_1ifa<ß< <V

Proposition.  Let A>—*G -»» B   be a short exact sequence.   If A and B are in

S , then G eS .
n' n

Corollary. // GQ Ç G. C • • • C Ga C • • •, a< p, is a smooth chain of groups

G   eS   with G    ./G   ef   and \u\< X , then G = (J      ,G   belongs to S .
a        n o+l     a        72 ,r' —    n *"a<p.   a ° n

For a fixed nonnegative integer n, the symbols T(t2), L(«), P(n) and C(n)

will denote, respectively, main theorem, lemma, proposition and corollary restricted

to the given integer 72.  Therefore, for example, the symbol

P(ti - 1) + L(n) =» P(n)

means that if the proposition is true for n - 1 and the lemma is true for n, then

the proposition must be true for 72.   As might be expected, there are a number of
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implications among the results that we have stated above and now have the burden

of proving.   The next four sections are devoted to verifying some of the most im-

portant of these implications.  Fortunately, the implications culminate in the

proof of the main theorem.

3. P(t2 - 1) + L(n) =» P(f2).  Let A>—*G-»B  be exact where A and B are in

? .   By L(t2), A can be represented as the union of a smooth chain

A0CAlÇ...ÇAaÇ..-,      a<on,

of free groups Aa such that \Aj < Xn_j and AJAa e $n_l if a< /3 < «u^.   Like-

wise, B has a similar representation as the union of

ß02ßiC ••• CßaC ••'»       a<tan.

It should be evident that G is the union of a smooth chain

G0ÇG1Ç...Ç.GaÇ...,      OL«ùn,

of subgroups G   such that the following conditions are satisfied.

G>|Gal< *,.!•
(2) For each a < <y , A O G   = A., . for some ordinal A(a)< <u .

ft CL A \CL) ft

(3) For each a < <u , (A, G)/A = B.. for some ordinal u(a)< a .
n a. fi {a) ft

From the exactness of the sequence G„ CM 3—♦ G„ -**(G  , A)/A, we observe
a a. a

that G   is free since conditions (1)—(3) imply that Ga is the extension of a free

group by a free group.   In order to show that G e ÍF , it suffices to prove that

G    ./G   e J        for each a.  From the exact sequence

<Ga+1 n ,4, Ga)/Ca~Ga+1/Ga — Ga+1/(Ga+1 n A, Ga>

and the isomorphisms

<W<Ga+i n A. Ga)S«¿, Ga+1)A4)/«A, Ga)/A)

(Ga+1 n A, Ga)/GaSiGa+l n A/GanA,

we obtain the exact sequence

^»(a+l/^JKa) ^-»Ga+l/Ga —*Bfi(a+l/Bp(a.y

Since i4X(a+l)/AX(a)and B/1(a+l/B/1(a) are co"ai^d in 3^, the induction hy-

pothesis P(t2 - 1) implies that G„  ./G„ e J        and that G e ? .  This completes
1 a+i     a        n—I n r

the proof of the implication P(n - 1) + L(t2) =» P(t2).

4. T(t2) + P(t2 - 1) + C(t2 - 1) =» L(t2).  Let G e ? .  If G is free, the conclu-
ft

sion of L(t2) is trivial.  Thus we may assume, in view of T(n), that |G| = X •
'       ' fl

Since G e ¡F , we know that G has a representation as the union of a smooth chain

G0ÇGlÇ'"ÇGaÇ--', a < p, of free groups Ga, where /j < û>n and Ga j/Ga e
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S„_i for each a.   If ¡i < con, the restriction  |G     j/gJ < *„_l implies that

le/Gol < Sn_].  Since GQ is free, this implies that G = F + H where F is a Sum-

mand of G0 and H has cardinality at most X     ,.   But T(n) implies that H is free

and, consequently, G is free.   Thus without loss of generality we assume that

11= (Ù   .r 72

For each ordinal a < co , write G   = ^■eua\(x ■)> £his iS possible since G

is free.  Now, we carefully choose a smooth chain HQ Ç H. Ç • • • Ç //. Ç • « •,

A < co , of subgroups Hx oí G satisfying the following conditions.

¿l"x1<K„-l-
(2)HXCGX.

(3) Hx= £¿e 7(x)(x,-) i* A 's isolated, where /(A) is a subset of /(A).

(4) For each A < con, Hx O Ga = £¿e  .   w(*¿) if a < A, where /(a, A) is a

subset of ¡(a).

(5) For each A < con, Ga+1 Ç (Ga, /Vx> if a < A.

(6)G-UX«B Hv
71

Condition (1) implies that Hx is free.   In order to establish L(n), we need to prove

that HJH„ e S     . whenever a < ß < co .   First, we show that W,   ,//i\ e S     ,
p     a.        71 — 1 *^        n X+1     A        72—1

if A < co .   Observe that Gx/Hx is free by condition (3) if A is isolated.   Moreover,

if A is a limit, then Gx= \Ja<\(Ga> ^ since the chain of subgroups Ga is

smooth and since HXÇ Gx.   However, (Ga, Hx) = (GQ, Hx) ii a < A by condition

(5).  Thus

Gx/Hx = (G0,Hx)/Hx^G0/G0nHx

is free by condition (3).  We conclude that G\/H\ is free for all A < co , and

therefore (Hx , O Gx)/il\ belongs to 3"     .  since it is free and has cardinality

not exceeding *n_l.  In view of P(n - 1), Hx t/Hx e Sn_x if Hx X/(Hx l n Gx)

belongs to S     ..   However, the equalities

«X+l/^X+l n GX> S<"x+1' GX)/GX=GXJGX

show that H x l/(Hx j n Gx) is in î     ,. Since Hx/Hx xC\G\eS      , we

observe that simple applications of P(n - 1) and d(n - 1) show that HJHa eS    .

if a. < ß< to   by induction on ß.

5. T(n) + P(n - 1) + P(«) + L(n) + d(n - 1) =» C(«).  Let G be the union of the

smooth chain

d0ÇGlÇ---ÇGaÇ---,      a<n,

of groups G   e 3" , where \¡i\ < X   and G    ,/Ga e ?   for each a < ¡i.  Our purpose
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is to prove that G is in S .   If G is free, then G e 3"    since the cardinality of G

does not exceed X .  In particular, if |G| < X     ,, then G e 3"    as a consequence

of T(n).   Thus we shall assume that |G| = X .   The next point is that there is no

loss of generality in assuming that ¡i< at    tot the following reason.   If C(n) is

false and if /i is chosen as small as possible so that G 4 S , then Pfa) and the

choice of /i imply that the conditions on the chain of groups Ga are retained by

any smooth cofinal subchain. Since ¡i must be cofinal with tu. for some i < n, it

suffices to consider the case u < co .   Therefore, we assume u. < a>    and distin-
r —    n r —    n

guish the case ¡i < <u    from the case that fi = o .   However, a few more prelimi-

naries are required yet.

For each X < p\, Lemma  L(t2) gives a representation of G\ as the union of a

smooth chain

G0(X)ÇGAX)Ç.-.ÇGAX)Ç...,      a<cjn,

of free groups GjX) such that |Ga(A)| < Xn_t and GJX)/Ga(X) 6 5    j if a <

ß< o .   Likewise, G.   j/GA has a representation as the union of a smooth chain

GoÇG^Ç---ÇG*Ç...,      a<a)n,

of free groups Gxsuch that |GA| < X     .and G*/Gx eS     , if a < ß < (ú .
°      *        a. i   a' —    n—l p     a        «-1 "        „

Case 1 : p. - a> • For this case, the proof that G e S is similar to a portion

of the proof of the implication Tin) + P(t2 - 1) + C(t2 - 1) => L(t2), but the freeness

of G\ has to be replaced here by the representation of G\ as the union of its free

subgroups Ga(X). We select a smooth chain

H0^Hli •••ÇHXÇ...,      X<on,

of subgroups H\ of G satisfying the following conditions.

(D Iffxl <*„-!•
(2) fi* Ç GX.

(3) If A is isolated, /7A = Gr(A) for some r.

(4) For each X < con, /Vx O Ga = GAa) for some r if a < X.

(5) For each X < u>n, (Hx n Ga ,, Ga)/Ga = G" for some r if a < X.

n

It is not important (nor intended) that r be the same in conditions (3)—(5), but it

can be so selected if desired,  ft should be understood, of course, that r depends

on the choice of X. Conditions (l)and (2), together with T(?2), imply that /VAis

free.  Thus we wish to prove that W.  j/HA e S        in order to verify that G e S .

According to P(?2 - 1), it suffices to prove that (//.   j Cl GA)//7Ae S        because

we have the exact sequence
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(Hul O 6A)/HX>-^A—*W<"x*l n Gx>-

and r7x j/(//x j O Gx) — (#x ., Gx)/Gx obviously belongs to S     . since it has

cardinality at most  X     .  and, therefore, is isomorphic to a free subgroup of

Gx x/Gxby T(n).  In order to verify that (Hx l n Gx)/H\is in 3r      , we first

consider the case that A is isolated.  In this case, (Hx l O Gx)/Hx = G (A)/G  (A)

for appropriate a and r > a.  Thus (//.   j D Gx)/Hx eS      .  Now suppose that A

is a limit ordinal.  In this case, (Hx j O Gx)/Hx is the union of the smooth chain

(Wx+1nG0, Hx)/HxÇ...Ç(Hx^n Ga,Hx)/HxÇ.-.,      a<A.

Observe that

(Hx+l n Ga, Hx)/Hxm (/7X+1 n Ga)/(HX O Ga) = Gr(a)/GCT(a)

belongs to 3'     ..   Furthermore,

<"x+l n Ga+l>WX>/<WA+l n Ga> "x> = <"x+l nGa+l' GaWx °Ga+l' Ga>

so

«"x+i nca+1, nx)/Hx)A(Hx^ O Ga, /Vx)/Hx^ Gra/G^

is in 3rn_j.  We conclude that (Hx j n Gx)/Hx belongs to S'        by d(n - 1).

This completes the proof for the case /t = cû , but we still have to deal with the

alternative.

dase 2: p< co «  Again, we can choose a smooth chain

H0ÇHlÇ...ÇHxÇ...,      A<con,

of subgroups Hx of G satisfying the following conditions.

d)!HXl <*„-!•
(4 ) For each A < co   and a < p., HxnGa= GT (a) fot some r.

(5 ') For each A < con and a < a, (Hx n Ga+1, Ga)/Ga = G* for some r.

(6)G=UxC(üHx-   '
72

In order to prove that G e S , we need to prove that Hx is free and that H    ./Hx e

j  _,.  Although Theorem T(tj) does not apply directly in the present case to

yield the freeness of Hx, we observe that H\ is the union of the smooth chain

Hxr\G0cnx C\Gl Ç..-ÇHxn GaÇ.-.,      a<p,

of free groups.   Moreover, (Hx O G    , )/(#x <"* G ) is isomorphic to a subgroup of

G    ,/G , and therefore is free by T(t2).   Thus H» is free.   In order to show that
a+i    a y A

//    ,/Hx eS       , we represent //    j//Vx as the union of the smooth chain

<HX+1 n G0, /7X)//7X Ç • • • Ç </7x+1 O Ga, /Vx>///X C •. -,      a < it.
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Since (/ix+1 n Ga, Hx)/Hx » Gr(a)/G(r(a) belongs to 3rn_, and since |//.| < Xfll

it suffices by C(t2 - 1) to prove that

<HA+lnGa + l'"A>/<"x+lOGa'"A>

is in S     ..As in the preceding case, the latter is isomorphic to G*/G*.   Thus

the proof is complete.

6. T(n) + L(n) + P(n) + C(n) ==» T(t2 + 1). Let G e 3„+1 and let H be a sub-

group of G of cardinality not exceeding Xn» Since G e S n j, G is the union of a

smooth chain

G^CGXÇ--'Ç GaÇ ...,       a<(i,

of free croups G , where G    ,/G   e J   and u<<a    ,.   If /V C G , we are finished.
°      r       a' 0.+.I     a        n —    n+l —    a*

Assume not. Since

Hr\G0ÇHnG1ç.--ÇHnGaç-..

ascends to H, upon eliminating redundancies, we see that H is the union of a

smooth chain

H0£H1Ç...£HaÇ •••,      a<A,

of free groups H , where H    ,//7   e?   and |A| < X .   By Corollary C(t2), H e S .

If  |//| < X       , then H is free by 7"(r2).   Thus we may assume that |//| = X .

Furthermore, since A is cofinal with an ordinal not exceeding <u , by  P(t2) and

C(n) there is no loss of generality in assuming that A < <u .  As before, we need

to distinguish the case A = <u    from the case where |A| < X       .  The basic

design will fit closely that fashioned in preceding proofs.  For each y< A, Lemma

L(t2) yields a representation of H    j/ff    as the union of a smooth chain H^ Ç

H\ Ç • • • Ç ff£ C • • •, a < on, of free groups //£ such that \H^\< Xf)_, and

Ho/H^ e Sn_. if a < ß < tu .  In the present situation, H    not only has such a

representation but in fact is free.   Thus write H    = ^íet/y)(*<)•  Ve choose a

smooth chain

P0Ç.PlÇ.-"ÇPa£-">       a<<V

of subgroups F   of H so that the following conditions are satisfied.

Case 1 : A = tu •

(2)FaÇf/a.

(3) If a is isolated, F„ = 2., ,,„Ax.) where /(a.) is a subset of ¡(a).

(4) For each a < cún, Fa (~\ Hy = 2 ¿e;(r,a) <*,-> whenever y < a, where

J(y, a) is a subset of I(y).

(5) For each a < eun, <Fa O H    p Hy >//7r = H* for some r if a > y.

«5)" = Ua<a)Fa.
n
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dase 2: A < co .  In this case, we retain conditions (1) and (6), eliminate

conditions (2) and (3), and strengthen conditions (4) and (5) as follows.

(4') For each a < an and each y < A, Fa^Hy = S^^^.) with

J(y,a)Çl(y).

(5') For each a < oin and each y < A, (Fa n Hy+V Hy)/Hy = Hj for some r.

Obviously Fa is free according to T(n) since H e 3" .  The verification that

Fa l/Fa is free will show that H is free in view of condition (6), and the proof

will be complete.  Moreover, it is enough to show that F    ./Fa e.j    since we

can apply T(t2).   In Case 1, we have the exact sequence

(Fa+1 n/7a)/Fa~Fa+1/Fa — (Fa+1, HJ/H*

Since F  C H and since H    ,///   e 3" , we observe that it suffices to prove that
a—     a a+1     an r

(F    , D H )/F   e 3"    because we can apply P(n).  If a is isolated, this is
Œ^* tt CL fl

trivial because //-/F   is free according to condition (3).  Thus assume that a is

a limit, and represent (F    l C\ H )/F   as the union of the smooth chain

<Fa+1 n //0, Fa)/Fa ç • • ■ ç (Fa+1 nHy,Fa)/Fa ç • < •,     y < a,

of free groups

<Fa+l n//  ,Fa)/Fas(Fa+1 n /7„)/(Fa C\Hy) = Z <*,•>•
,e/(y,a+l)_/(7,o)

The isomorphisms

(Fa+1 n Hy+1, Fa)/(Fa+1 n f7y, Fa)

= (Fa+i C\Hy+l, Hy)/(FaC)Hy^l, Hy)=HT/H0.

reveal that (F    , n H )/F   and, therefore, F    ,/F  belong to 3r   since
x   a+1 a'     a        * "     a+1     a ° ti

//7///Z eS    , and since a < co .
Tu 72— i —       72

If A < co , we represent F    ,/F   as the union of the smooth chain
72 * <x+i    a

<Pa+inH0,Fa)/FaÇ.-Ç<Fa+1n/f>, Fa)/FaÇ...,     y<A,

of free groups (F    . D H  , Fa)/Fa. All that is required now is to prove that

<Fa+l n Hy+1> Fa^^Fa+l n Wy» Fa> is in ^n-T   However» the Proof of this is

similar to what has gone before, and we suppress further details.

7. The general proofs. In the previous sections we have established the fol-

lowing implications

P(ti-1)+L(t2)^P(ti),

T(n) + P(« - 1) + C(n - 1) =» L(n),

T(n) + P(n - 1) + P(n) + L(n) + C(n - 1) -» C(ti),

T(n) + L'n) + P(n) + C(n) — T(n + 1)
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for each positive integer 72.  Since SQ is the class of all countable torsion-free

groups, both the proposition and the corollary are trivially true for 72 = 0.   More-

over, the validity of the theorem for 72 = 1 follows immediately from Pontryagin's

theorem.   Thus we start with P(0), C(0) and T(l).  Inductively, everything now

follows from the preceding implications.  Therefore, the lemma, proposition,

corollary, and main theorem are proved in general.

Referring to the groups belonging to the class S   as 3^-free groups, we

have proved the following for every positive integer 72.

(1) A subgroup of a 3 -free group is 3 -free.

(2) An extension of a 3^-free group by an 3n-free group is 3n-free.

(3) Any 3 -free group is X -free.

Except for the distinction as main theorem which we have given it, the result

that 3 -free groups are X -free appears unpretentious.  Nonetheless it contains,

in essence, the following uniqueness theorem, which is of considerable interest

and generalizes results in [5] and [6].

Theorem 2. // G is the union of a smooth chain GQ Ç G. C • • • Ç Ga C • • •

of length not exceeding  Xn (n < co) of free groups G' , then G is free provided

that G    ,/G   is 3 -free for each a.
a+x     a. n '

Proof. Observe that (G/Go! < X .  Since G. is free, we can write G ■

HQ + A, where HQ is a direct summand of GQ and |A| < X .   By hypothesis, G

is 3    ,-free.   Thus G is X    ,-free, and A is free.   Therefore, G is free since
n+l 72+1

both HQ and A are free.

8. The existence theorem. In this section, the uniqueness theorem is utilized

heavily in establishing an existence theorem for nonfree groups that are 3 -free.

Theorem 3. For every nonnegative integer n, there exist 3 -free groups that

are not free.

Proof. The proof is by induction on 72, and the proof is trivial for 72 = 0 since

all countable torsion-free groups are 3 .-free.  Suppose that 72 > 0 and that the

theorem is valid for all nonnegative integers less than or equal to 72.  Assume

that for an ordinal p of cardinality at most X , we have developed a smooth chain

G0 Ç G. C • • • C Ga C • • •, a < p, of free groups Ga of cardinality X   so that

G    JG   is a nonfree  3 -free group whenever a + 1 < p.  If p is isolated we

choose G    to be any free group containing G      , so that G       >—* G   -** H    is

exact, where H   is any 3 -free group that is not free; the existence of a group

meeting the requirements of H   is guaranteed by the induction hypothesis. Since

H   must have cardinality X , there is a free group G   of cardinality X    with an
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epimorphism G , -»* H „.   Obviously, the kernel of this epimorphism must have

cardinality X , for otherwise H   could not be X -free without being free.  There-'72 p. 72

fore, the kernel can be identified with G,.   ,, and we have the desired exact se-
/* — i

quence G     1>-*G    -» H   .  If ft is a limit, we define G   = Ua<„Ga.  Then

|G   I = X   since |u| < X   and since |G | = X   for each a < a.  In this case, G
'   fl' 72 lrl —     « '    a' 72 r M

is free by Theorem 2.

We have verified the existence of a smooth chain

G0ÇGlÇ...ÇGaÇ---, «<"„+!•

of free groups G   of cardinality X   such that G    ,/G  is 3 -free but not free for

each a < co    ,.   Let G = M      ,.      G .  Clearly, G is   3    ,-free.   However, G is
n+l **a<o>    ,    a '' n + l

72+1

not' free for the following simple reason.  If G were free, then Ga would have to

be a direct summand of G for some a (by a simple application of the back-and-

forth procedure used implicitly throughout this paper).  Since G    j/Ga is not free,

there is no way that G   can be a direct summand of G for any a.  Hence we con-

clude that G is not free, and the theorem is proved.

Corollary 1.  For each positive integer n, there exists a group of cardinality

X    that is not free but is X -free.
71 71

9. The proof of a conjecture in infinitary logic.   The following conjecture

was made in [6].

Conjecture.  If k= X    for any positive integer n, the class of free groups is

not definable in LMI¿

For a discussion of the language L    , we refer to [l] and [2].  However, all

that is needed for our purpose is the following result from [l].  A group G is equi-

valent in L       toa free group if and only if G has the property that every sub-

group H generated by fewer than k elements is contained in a free subgroup F of

G that splits out of (F, A) whenever A is a subgroup of G generated by fewer

than k elements.

Proof of conjecture. Let G be a nonfree group that is 3    j-free. Since G is

3    ,-free, G is the union of a smooth chain C.CC, C • • • C G   C • • •, a < co    ,,
72+1 0—        1— —        a— » 72+1*

of free groups Ga such that Ga y/Ga is 3 -free.   Let H be any subgroup of G

having cardinality not exceeding X _ j.  Then H C Ga fot some a.  Moreover, if

GaÇ KC G and if |K/Gj < *n_v then  KÇ G o for some ß.  We know that GjGa

is 3 -free by the proposition and corollary.   Thus G»/G   is X -free, which im-

plies that K/Ga is free.   Hence Ga splits out of K.   This completes the proof of

the conjecture.
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